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Numerical analysis and computer algebra !

In this thesis, | design and implement algorithms that manipulate mathematical objects.

Solve —13x> —3x +1 = 0.

Numerical analysis Symbolic-numeric Computer algebra
n~ —0.415 n € [0.415 + 0.001] n = =36
ry ~ 0.185 r, € [0.185 4 0.001] ry = =361
e Approximate representation e Exact input e Exact representation
e Numerical computations e Numerical computations e Symbolic computations

+ certificates

e Recover exact information



Homotopy continuation

Input
FO(CO):O e F:CxCr—Cnm

e (g € C" zero of Fy.



Homotopy continuation

Input

Fi(G) =0, vt € [0,1]. e« F:CxC"—Cn

e (g € C" zero of Fy.

Goal. Compute (.



Homotopy continuation

Input

Fi(G) =0, vt € [0,1]. e F:CxC"—Cn;

e (g € C" zero of Fy.

Goal. Compute (.
def Track(F,x):
t+0

while t < 1:
t,x < Predict(F,t, x)

x + Correct(F,t,x)



Homotopy continuation

Input

Fi(G) =0, vt € [0,1]. e F:CxC"—Cn;

e (g € C" zero of Fy.

Goal. Compute (.
def Track(F,x):
t+0

while t < 1:
t,x < Predict(F,t, x)

x < Correct(F,t,x)



Homotopy continuation

Input

Fi(G) =0, vt € [0,1]. e F:CxC"—Cn;

e (g € C" zero of Fy.

Goal. Compute (.
def Track(F,x):
t+0

while t < 1:
t,x < Predict(F,t, x)

x + Correct(F,t,x)



Homotopy continuation

Input

Fi(G) =0, vt € [0,1]. e F:CxC"—Cn;

e (g € C" zero of Fy.

Goal. Compute (.
def Track(F,x):
t+0

while t < 1:
t,x < Predict(F,t, x)

x + Correct(F,t,x)



Fi(x) = (11i + 2) x>t +8ix>t + 5xt + (—i + 2) x — t — 2i.




Fi(x) = (11i + 2) x>t +8ix>t + 5xt + (—i + 2) x — t — 2i.




Monodromy

Fi(x) = (11i + 2) x>t +8ix>t + 5xt + (—i + 2) x — t — 2i.




Monodromy

Fi(x) = (11i + 2) x>t +8ix>t + 5xt + (—i + 2) x — t — 2i.
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Permutation of the roots
associated to a parameter loop.

Monodromy group

Subgroup of Sy generated by
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Monodromy

Monodromy permutation
Fe(x) = (11i +2) x°t? - 8ix®t + 5xt + (i + 2) x — t — 2i. Permutation of the roots
associated to a parameter loop.

Monodromy group
Subgroup of Sy generated by
all monodromy permutations.

Theorem (Hermite, 1851)

Monodromy group ~ Galois
group of F € C(t)[x].

@ Compute the root paths using
homotopy continuation.
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Certification 4

Path jumping: the algorithm switches
paths, leading to a silent error.

For monodromy, we cannot tolerate
path jumping.

Solution path certification

© Correct path is tracked.
@ Computational cost.

Motivation

Enumerative geometry, algebraic topology over complex varieties.



Faster certified homotopy continuation

e Validated Numerics for Algebraic Path Tracking. (2024). Proc. ISSAC 2024, 36-45.
With P. Lairez.

e Certified Algebraic Path Tracking with Algpath. (2026). ACM Commun. Comput.
Algebra, 59(3), 53-56.
Application 1. Belyi maps
e Belyi map verification using certified path tracking. (2026). To appear in ICMS
proceedings. With J. Voight.
Application 2. Braid computations

e Computing braids from approximate data. (2026). arXiv: 2601.23073 [cs]. With P.
Lairez.


https://arxiv.org/abs/2601.23073

Certified homotopy continuation



Previous work: non-certified homotopy continuation

Core idea: Drexler, 1977; Garcia and Zangwill, 1979.
Software:

e HOM4PS family (Chen, Lee, & Li, 2014);
e PHCpack (Verschelde, 1999);
e PHoM (Gunji, Kim, Kojima, Takeda, Fujisawa, & Mizutani, 2004);
e POLSYS_GLP (Su, McCarthy, Sosonkina, & Watson, 2006);
e Macaulay2, NumericalAlgebraicGeometry package (Leykin, 2011);
e Bertini (Bates, Sommese, Hauenstein, & Wampler, 2013);
e HomotopyContinuation.jl (Breiding & Timme, 2018).
Robust homotopy continuation: Telen, Van Barel, and Verschelde, 2020.

Endpoints certification: Rump, 1983; Smale, 1986; Hauenstein and Sottile, 2012; Breiding,
Rose, and Timme, 2023.



Certified homotopy continuation using a-theory

Complexity analysis: Smale, 1986; Shub and Smale, 1993; Shub and Smale, 1994.

Explicit stepsize bounds: Beltrdn, 2011; Dedieu, Malajovich, and Shub, 2013; Biirgisser and
Cucker, 2011.

Algorithms and implementations:

e Macaulay2, NumericalAlgebraicGeometry package (Beltran & Leykin, 2012);
e Beltran and Leykin, 2013;

e Hauenstein, Haywood, and Liddell, 2014;
e Hauenstein and Liddell, 2016.



Certified homotopy continuation using interval arithmetic

Interval Gauss-Seidel: Kearfott and Xing, 1994.
Krawczyk's method:

e van der Hoeven, 2015;
e Duff and Lee, 2024.



Univariate case

Stepsize bounds:

e Schneps, 1994;
e Kranich, 2016;
e Bruin, Sijsling, and Zotine, 2019.

Compute-and-connect fibers:

e Deconinck and van Hoeij, 2001;
e Bartholdi, Buff, Graf Von Bothmer, and Kroker, 2015.

Interval Newton: SIROCCO (Marco-Buzunariz & Rodriguez, 2016);
Root counting and subdivision: Xu, Burr, and Yap, 2018.



Root isolation using Krawczyk’s operator

Krawczyk, 1969; Moore, 1977; Rump, 1983
e f:C" — C" polynomial, p € (0,1), ¢
e xcC" AecC"*" B C C" a ball of center 0, .

such that for all u,v € B,

—A-f(x)+[I, — A- df(x + u)]v € pB. x+6
0 OH\Q( ;(’IOO'F‘F

Then f has a zero in x + pB, unique in x + B.



Root isolation using Krawczyk’s operator

Krawczyk, 1969; Moore, 1977; Rump, 1983

e f:C" — C" polynomial, p € (0,1), ¢

e xcC" AecC"*" B C C" a ball of center 0,

X
such that for all u,v € B,
—A-f(x)+ [I, — A- df(x + u)]v € pB. x+6
Then f has a zero in x + pB, unique in x + B. ° OHW ;ero of £

Proof sketch

We show that ¢ : x + B — C" defined by ¢(w) = w — Af(w) is a p-contraction map with
values in x + pB.

Definition

A p-Moore box for f is a triple (x, B, A) such that —Af(x) + [/, — Adf(x + B)]B C pB.



Interval arithmetic

Problem

How do we effectively check that for all u,v € B,

—Af(x)+ [l — Adf(x + u)]v € pB?

Interval arithmetic

e Define interval binary operations B and X. Key property:
forallxel,yelJ, x+yelBHJand xy € X J.
e f polynomial function. Can extend it to intervals using B and X. Key property:
forall x € I, f(x)e Of(/).

e Krawczyk's operator is a polynomial in u, v.



Interval arithmetic

Exact model

e Interval endpoints: Q;
o [a,b|H[c,d] =[a+ c, b+ d];
e [a,b] X [c,d] = [min{ac, ad, bc, bd}, max{ac, ad, bc, bd}].

Pros and cons

v/ Good theoritical properties.

X Coefficient swell.



Interval arithmetic

Double precision model
e Interval endpoints: {IEEE-754 64-bits floating-point numbers};
o [a,b]H[c,d] =[a+c,b+d];

Pros and cons

v/ Fast.
X Bad theoritical properties.

X Not enough representable numbers.



Interval arithmetic

MPFI model
e Interval endpoints: {m2¢ € R: m,e € Z};
e precision P € Z~ (number of bits) that can be changed at will;

e interval operations: endpoints rounding done at precision P.

Pros and cons

v/ Good theoritical properties as P — oo.
v/ Fast when we can maintain low precision.

Need to carefully manage P in the algorithms to ensure termination.



Isolating a solution path

v/ lsolate a zero of a polynomial function.

Isolate a solution path.

Moore’s criterion
x € C", B centered ball, A € C"". If for all
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then x + B isolates a zero of f. V



Isolating a solution path

v/ lIsolate a zero of a polynomial function.

Isolate a solution path.

Moore’s criterion on an interval ;
x € C", B centered ball, A€ C"*". If for all
u,veBandtel .

—Af(x) + [I, — Adf:(x + u)]v € pB,

then x + B isolates a zero of f, for all t € /.

\T
o

@ Again, replace t by / and use interval
arithmetic.
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In practice, one should have X'(s) ~ (i1 around 0.
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Predictor
Amap X : R — C".

In practice, one should have X(s) & (;4s around 0.
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Y t

How to extend?
Pb: check that for all s € [0,0], (x, B, A) is a
p-Moore box for F; .

Soln: try
—AFi15(x) + [1 — AdF.rs(x + B)|B C pB,

X where S = [0, J].
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Isolating a solution path, enhanced

Predictor
Amap X : R — C".

In practice, one should have X(s) & (;4s around 0.

How to extend along X7
Pb: check that for all s € [0, 6], (X(s), B,A) is a
p-Moore box for F; .

Soln? try
—AFe5(X(S)) + [1 — AdFey5(X(S) + B)]B C pB,

where S = [0, J].

This is too strong!
Way around the dependency problem: Taylor models.
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Algorithm

v/ Check that a Moore-box isolates the solution path on an interval.
How do we choose the candidate Moore-box and the interval?

Correction step?

def Refine(f,x, B, A):

Input. (x,B,A) a %—Moore box for f.
Output. a %-I\/Ioore box for f.

Idea. Goal: %,
—Af(x) + [I, — Adf(x + B)]|B C %B.
&
If left term small, shrink B.
If left term large, do a Newton iteration.

Oﬂ‘a(' pro



Algorithm

v/ Check that a Moore-box isolates the solution path on an interval.
How do we choose the candidate Moore-box and the interval?

v/ Correction step: Refine.

def Track(F, m):
Input. m a Moore box for Fy.
0+t 6+ 1

<

iR ¢
t

while t < 1:
m <— Refine(F;, m)
try to extend m to [t, t + 0]
if it fails, halve § and retry Line 4
t—t+0
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Algorithm

v/ Check that a Moore-box isolates the solution path on an interval.

v How do we choose the candidate Moore-box and the interval?

v/ Correction step: Refine.

def Track(F, m):

Input. m a Moore box for Fy. Al
0+t 6«1 t

/—*_’—\F—
while t < 1:

m < Refine(F;, m) [

try to extend m to [t, t + 0]

if it fails, halve § and retry Line 4
t<t+6



Algpath

Algpath: implementation of the presented algorithm.

e Rust implementation.

e Available at https://gitlab.inria.fr/ numag/ algpath.

e CLI, input described with a JSON file.

e SLP representation of the input.

e Parallelized over the input fiber.

o Mixed precision, that relies on a SIMD double precision IA and Arb!.
e Automatic precision management.

e Rigorous computation of monodromy permutations.

1 Johansson, 2017.


https://gitlab.inria.fr/numag/algpath

Benchmarks

HomotopyContinuation.jl Algpath Macaulay2

name dim. deg. time (s) jump. steps time (s) prec. steps time (s) steps
dense 1 10 1.4 10 <01 31 0.1 2146
dense 1 100 1.7 51 0.5 794
dense 1 1000 6.7 100 12 min 59 17k
katsura 11 2 5.5 179 21 360 27 min 88k
katsura 21 2% 3h 469 62h 65 12k
structured * 4 3! 35 X 78 0.3 198 11 8925
structured * 8 38 3.4 122 1.8 281 223 97k
clustered 1 25 3.0 X 151 0.3 837 179 677k
clustered 1 50 3.0 X 153 86 69 11k

Figure 1: Total degree homotopy benchmarks. A * means that only 100 random roots were tracked.
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Belyi map </>

A map ¢ : X — P! unramified away from {0, 1, 00}...

Special case: X = P!
A non-constant rational function g € C(x). The roots of A,(p — tq) are included in {0,1}.



Belyi map </>

A map ¢ : X — P! unramified away from {0, 1, 00}...
Special case: X = P!

A non-constant rational function g € C(x). The roots of A,(p — tq) are included in {0,1}.

Example (LMFDB entry 3T2-3_2.1_2.1-a, slightly modified)
op:2xaf%><+%, qg=1.
e Belyi map?

sage: (p - t).discriminant(x).factor()
(-108) * (¢t - 1) * ¢

Monodromy of the Belyi map: monodromy of f;(x) = p — tq.



Computing Belyi maps

e Belyi maps are uniquely determined by their monodromy for loops around 0 and 1 in C.

e There exists a Belyi map from X if and only X can be defined over Q* (Belyi, 1980).
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Computational goal
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Output. Equations for the Belyi map ¢ with monodromy (o9, 07).

See Sijsling and Voight, 2015; Roberts, 2018; Barth and Wenz, 2021.
Klug, Musty, Schiavone, and Voight, 2014 ~~ LMFDB Belyi map section.



Computing Belyi maps

e Belyi maps are uniquely determined by their monodromy for loops around 0 and 1 in C.

e There exists a Belyi map from X if and only X can be defined over Q* (Belyi, 1980).

Computational goal
Input. og,01 € Sy.
Output. Equations for the Belyi map ¢ with monodromy (o9, 07).

See Sijsling and Voight, 2015; Roberts, 2018; Barth and Wenz, 2021.
Klug, Musty, Schiavone, and Voight, 2014 ~~ LMFDB Belyi map section.

Verification step

All known methods require ultimately checking the monodromy of ¢.



Belyi map verification: previous work

Using symbolic tools
e Elkies, 2013: compute and verify a Belyi map with monodromy group Mo3.
e Barth and Wenz, 2021: compute and verify Belyi maps of large degree (55-280).

Homotopy continuation type certification
e Schneps, 1994; Bruin, Sijsling, and Zotine, 2019;
e Deconinck and van Hoeij, 2001; Bartholdi, Buff, Graf Von Bothmer, and Kroker, 2015.

Monodromy in general
e Hauenstein, Haywood, and Liddell, 2014;
e Duff and Lee, 2026.



Monodromy of LMFDB entries

Belyi map section of the LMFDB

e 1111 Belyi maps.

e Computed using the method of Klug, Musty, Schiavone, and Voight (2014).
e Contains Belyi maps up to degree 9, contains all Belyi maps with degree < 6.
! ho rigorous monodromy verification.

Contribution

e Using Algpath, compute (rigorously) the monodromy of all 1111 Belyi maps entries.
e Along de way, develop Sage scripts to compute the monodromy of Belyi maps in general.

e Results and scripts available at https://gitlab.inria.fr/aguillem /belyi-monodromy.


https://gitlab.inria.fr/aguillem/belyi-monodromy

Practical results

Computation of all triples present in the LMFDB
e Whole computation: 17min on 6 threads, using an Intel Core i7-1370P CPU.
e 1.2h of CPU time.

Found bugs

e Monodromy may only be correct up to an action of Ss.

e Bug in the embeddings—monodromy correspondance for 7 entries.

Additionally...
Monodromy computations of the map provided by Barth and Wenz (2021).
The two largest maps (degree 266 and 280) are out of reach.


https://github.com/LMFDB/lmfdb/issues/6796
https://github.com/LMFDB/lmfdb/issues/6798

Braid computations
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Geometric braids s Combinatorial braids
n points moving without colliding in C free group words in the letters o1, -+ ,0,-1
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Geometric braids s Combinatorial braids
n points moving without colliding in C free group words in the letters o1, -+ ,0,-1
e o [

0102_101_1: (72_101_1(72



Motivation

Let g € CJt][z]. Moving t continuously in C induces a continuous displacement of the roots
of g(t,—) . We want to compute the associated braid.

Applications
e 71 of the complement of a curve in CP? (Marco-Buzunariz & Rodriguez, 2016).

e Action of the monodromy on the homology of a fibration (Pichon-Pharabod, 2024).

e Compute the topology of complex algebraic surfaces.

Approach
Numerically track the roots using certified homotopy continuation.
I We only get an isolating box for each root at all times.
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Geometric braids s Combinatorial braids
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Geometric braids s Combinatorial braids
n points moving without colliding in C free group words in the letters o1, -+ ,0,-1
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Related work

SIROCCO (Marco-Buzunariz & Rodriguez, 2016)

e Tubular neighborhoods are piecewise linear.

e For each strand (;, computes a piecewise linear path
in the tube.

e ‘“Intuitive” (! non generic cases) algorithm on the
braid with piecewise linear strands.




Related work

SIROCCO (Marco-Buzunariz & Rodriguez, 2016)
e Tubular neighborhoods are piecewise linear.

e For each strand (;, computes a piecewise linear path
in the tube.

e ‘“Intuitive” (! non generic cases) algorithm on the
braid with piecewise linear strands.

Algpath

e Tubular neighborhoods are piecewise cubic.

© Faster than SIROCCO.

! Finding a piecewise linear path in the tube requires

additional work.




From geometric to combinatorial

Strand separation interface

We assume a function Sep(/,j, t) that returns

t' € (t,1] and a symbol in x € {—, -, —, <},

such that for all s € [t,t']:

* Re((i(s)) < Re((j(s)) if x =
* Re(Ci(s)) > Re((j(s)) if x =
o Im(¢i(s)) < Im(¢j(s)) if x =
o Im(¢i(s)) > Im(¢j(s)) if x =

Sep characterizes the braid!

Sep(i,j, t) = (t', =)



Computing the braid from Sep

Algorithm
Input. Braid ¢ given by a Sep predicate.
Output. The associated combinatorial braid.

(LN
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Computing the braid from Sep

Algorithm
Input. Braid ¢ given by a Sep predicate.
Output. The associated combinatorial braid.

(L)
|




Number of iterations performed by Algpath

10*

103

10?

10!

AA

[ IR N 2

dense, dim. 1, deg. 1000

dense, dim. 8, deg. 3, 100 paths
structured, dim. 8, deg. 3, 100 paths
Katsura-20, 100 paths

Resultants, dim. 3, deg. 16-42

x 1

x 2

x5

x 10

Number of iterations performed by HomotopyContinuation.jl




Taylor models

Definition
e A real interval S containing zero,

e a polynomial P(n) = Ag + A1 + -+ + Agy1m9t! where A; is a (complex) interval.

d is the order of the Taylor model.
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d is the order of the Taylor model.

Definition

A Taylor model (S, P) of degree d encloses a function X : R — C if

Vse S,Vie€0,...,d+ 1, da; € A; s.t. X(s):ao+als+~-~+ad+1sd+1.



Taylor models

Definition
e A real interval S containing zero,

e a polynomial P(n) = Ag + A1 + -+ + Agy1m9t! where A; is a (complex) interval.
d is the order of the Taylor model.

Definition

A Taylor model (S, P) of degree d encloses a function X : R — C if

Vse S, Vieo,..., d+1,3a, € Ajst. X(s)=ag+ais+---+ ag159tL.

If JC S, we have X(J) C P(J)



Taylor models

Reduction
Let (S, P) be a Taylor model of order d.

Goal : reduce it order to d — 1, s.t. if (S, P) encloses a function, so does its reduction.

Solution : replace Ayn? + Ag 1n97 by [Ag B (Ag1 X S)n?.



Taylor models

Reduction
Let (S, P) be a Taylor model of order d.

Goal : reduce it order to d — 1, s.t. if (S, P) encloses a function, so does its reduction.

Solution : replace Ayn? + Ag 1n97 by [Ag B (Ag1 X S)n?.

Let (S, P) and (S, Q) be Taylor models of order d.
Sum

Component-wise sum of P and @ using . Compatible with sums of enclosed functions.

Product

Usual product formula with P and @, gives a Taylor model of order 2d + 1, then reduce it to
make it of order d. Compatible with products of enclosed functions.



Taylor models

e (z,B,A) is a 3-Moore box for F,
e X :R — C" polynomial s.t. X(0) = z.

We want to check that for all s € [0,6], (X(s), B, A) is a §-Moore box for Fe .

s S s S



Taylor models

e (z,B,A) is a 3-Moore box for F,
e X :R — C" polynomial s.t. X(0) = z.

We want to check that for all s € [0,4], (X(s), B, A) is a §-Moore box for Fys.

s S s S

e Compute an order d taylor model /C on [0, ] enclosing
s —A- Fes(X(s)) +[1 — A- dFs(X(s) + B)]B.

This is just Taylor model arithmetic !

e Check that K([0,6]) C B (interval arithmetic).



Predictor

Idea: —A- %—f(t,z) is a good
approximation of ¢’(t). Use it to do
a order 1 correction.




Idea: —A- %—f(t,z) is a good
approximation of ¢’(t). Use it to do
a order 1 correction.

Idea: use previous point zp.ey and

previous tangent vector Vyyey, z and
v to do a Hermite cubic spline
approximation.




Number field coefficients

LMFDB data representation
e coefficient field Q(v), given by its minimal polynomial m,
e Equations for X and ¢: coefficients in Q(v)
e Each embedding of Q(v) in C yields a Belyi map
e For each embedding, the LMFDB provides the monodromy of the associated Belyi map

. _ T2 _ ol 4. 1 (1361+4623)x° +(150961+513153)x*
Entry 5T3-4.14.1221-a: m,=T°+1, X =P, ¢: 7107 X7 (<4001 55)x T (132360 —T2048)x7 T~




Number field coefficients

LMFDB data representation
e coefficient field Q(v), given by its minimal polynomial m,
e Equations for X and ¢: coefficients in Q(v)
e Each embedding of Q(v) in C yields a Belyi map
e For each embedding, the LMFDB provides the monodromy of the associated Belyi map

. _ T2 _pl 4. _1 (1361+4623)x°+(150960+513153)x*
Entry 5T3-4.141221-a:m,=T"+1, X =P, ¢: 7107 %57 (—400155)x T (— 132360 —12048) 7T~

Problem

The parametrized system F we build to compute the monodromy of a Belyi map may have
number field coefficients. How do we handle that in Algpath?



Number field coefficients

Assume a parametrized system F that has coefficients in Q(v)
Assume an embedding of Q(v) into C, or equivalently « a root of m,,.
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Number field coefficients

Assume a parametrized system F that has coefficients in Q(v)
Assume an embedding of Q(v) into C, or equivalently « a root of m,,.

Solution 1

Fi(x)=0 . _ _
System: Variables: x, v Starting solution: (g, a
m, =0

© Termination
@ Slows down computations

Solution 2 (what we use in practice)

Replace v by an interval enclosing «

@ The software may stall if the interval is too wide.
© Faster compared to Solution 1



Arrangements

Arrangement
Pair (<, <) of partial orders on {1,...,n}, such
that all / # j are comparable by < or <.

Arrangement cell
Set of points (x1,- - ,x,) € OC, such that

e for all i <z j, Re(x;) < Re(xj),
e for all i <, j, Im(x;) < Im(x;),

In practice, we represent a partial order with a DAG.



Arrangements

Arrangement 1— 2 1— 2
Pair (<, <) of partial orders on {1,...,n}, such T l X l X

that all / # j are comparable by < or <.

< 3 f&— 3
Arrangement cell
Set of points (x1,- - ,x,) € OC, such that
e for all i <rj, Re(xi) < Re(x;), 1—12 1= 2
e for all i <, j, Im(x;) < Im(x;), J/ \‘/ v’ ><J \L \V4
G 3 G&— 3

In practice, we represent a partial order with a DAG.



Arrangements

Property

Arrangement cells are non-empty and convex
subsets of OC,.

1— 2 11— 2
T | x | X
G~ 3 G&— 3
EMQ‘H Not convex
14— 2 41— 2
Il v Xlv
R— G&e— 3

Non Qm()+7 ard  oauex



Arrangements

Property Property
Arrangement cells are non-empty and convex Non-empty intersection of arrangement cells
subsets of OC,. is an arrangement cell.
1— 2 11— 2 41— 2 1—2
T | X | X Ny LA N A
g
G~ 3 f<— 3 ( &3 § — 3
Emp)rj Not convex 1 —5 9
11— 2 41— 2 N A A
—
I v Xlv s
G&— 3 G&— 3 (ZX)HAIJ Z—l"/(\)éAnA'

Non Qm()+7 ard  oauex



Step 1: compute a sequence of arrangements

Path to cells KC&)

Input: (, given by its Sep function.

g
X



Step 1: compute a sequence of arrangements

- h ~N
Path to cells ( Ce) A WA
Input: (, given by its Sep function. \ /
Output: a sequence of arrangements cells Ay, --- , A, AN - X/
such that there exists 0 = tg < --- < t, = 1 and for ~—
any s € [ti_1, ti], ¢(s) € A
Idea:

e Start with an arrangement cell A containing ¢(0).
e Associate to each edge a time of validity.

e When a relation expires, update it using Sep and

repair convexity.

{
e Repeat. ,(C g
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Step 1: compute a sequence of arrangements

Path to cells

Input: (, given by its Sep function.

Output: a sequence of arrangements cells Ay, --- , A,
such that there exists 0 =ty < --- < t, = 1 and for
any s € [ti_1, ti], ¢(s) € A

ldea:

Start with an arrangement cell A containing ¢(0).

e Associate to each edge a time of validity.

When a relation expires, update it using Sep and
repair convexity.

Repeat.




Step 2: linearize (

Permutation points
Let 7,0 € &,. We define
Prp = (7(1) +ip(1),- -, 7(n) +ie(n)) € OC,.
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Linearization of (

For each A;, Aj11, we compute 7, ¢ such that

pi = Pr,, lies in the intersection A; N Ajy1 (Hint: total
order extending <z and <).




Step 2: linearize (

Permutation points
Let 7,0 € &,. We define
Prp = (7(1) +ip(1),- -, 7(n) +ie(n)) € OC,.

Linearization of (

For each A;, Aj11, we compute 7, ¢ such that

pi = Pr,, lies in the intersection A; N Ajy1 (Hint: total
order extending <z and <;). The linear interpolation

of the p; is homotopic to (. Why? cells are convex!
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e Computing the braid associated to the whole /
linearization or to each piece and concatenating \
the results is equivalent. \



Decomposition of the linearization

Reduction

e Computing the braid associated to the whole
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Decomposition of the linearization

Reduction / T~
) ) ) prg& \

e Computing the braid associated to the whole /
linearization or to each piece and concatenating \
the results is equivalent. \

e Assume pr ., and pys s both lie in an \ \
arrangement (<g, </). It means that 7, 7’ \
extend < and ¢, ¢’ extend <;. So pr . also \

lies in c! \Prr,c 0. /
e We compute the braid of pr , — pr , (trivial) /
then the braid of p, , — py o (formula) AN
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Decomposition of the linearization

. Sfre s
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L[]
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3
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A¢ 8, 2 :z':—l“g>
L[]

1

Pr.o — Pr.o trivial braid.
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: trivial braid.
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Decomposition of the linearization

: trivial braid.

.o -
T,

Pr,po —7 P



Decomposition of the linearization

v s 34
' 9 3 .q ™ L)ﬁ}) ’\5)
. 3¢
7z B A I |3
. E q2\3) )
3
| 3Tr,{lzsq
| 'q"‘ VRIS
Z 1 4 3 '
U v 3y
’\ég(‘ Ll/ :t IZ(|3>
L]
1

P, — Pre: trivial braid.
Pr.o' — Prt.: Decompose ©/nt =s; -5

r

in elementary transpositions. Output o' --- 0"
1 Ir

with 1, -+ ,&, € {1} computed using ¢’ - 113 q)
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