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Introduction

Setup

• Let g : C× Cn → Cn be a polynomial

map.

• Notation : g t : Cn → Cn defined by

g t(z) = g(t, z).

• Let z ∈ Cn such that g0(z) = 0.

⇝ Moving the parameter from 0 to 1

induces ζ : [0, 1]→ Cn s.t. ζ(0) = z and

g t(ζ(t)) = 0.

• Goal : “Track” ζ, with some topological

guarantees.
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Motivation : braid computations

Ct

Cz roots of gb

b

Setup

• Let g ∈ C[t, z ],

• let b ∈ C\Σ be a base point,

• let γ : [0, 1]→ C\Σ be a loop starting

at b.

• The displacement of all roots of g t

when t moves along γ defines a braid.

• Goal : “compute” this braid.

• An efficient certified path tracking

algorithm is required !
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Marcos Rodŕıguez, 2016.

3/27



Path certification



Root isolation

Root isolation criterion (Krawczyk, Moore, Rump)

• f : Cn → Cn polynomial,

• z ∈ Cn, r ∈ R>0, A ∈ Cn×n,

• ρ ∈ (0, 1),

such that for all u, v ∈ Br ,

−Af (z) + [In − A · Jf (z + u)]v ∈ Bρr .

Then there exists a unique z̃ ∈ z + Bρr s.t. f (z̃) = 0.

Proof sketch

We show that φ : z + Bρr → Cn defined by φ(w) = w − Af (w) is a ρ-contraction map with

values in z + Bρr .
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Moore boxes

Let f : Cn → Cn be polynomial map and ρ ∈ (0, 1).

Moore boxes

A ρ-Moore box for f is a triple (z , r ,A) satisfying

−Af (z) + [In − A · Jf (z + Br )]Br ⊆ Bρr .

Moore boxes are our data structure to represent zeros of f .

In practice ...

We use interval arithmetic to check that a triple (z , r ,A) is a Moore box (sufficient condition).
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Interval arithmetic

We choose a set F ⊂ R of representable numbers.

Interval space

• □R = {[a, b] ⊆ R | a ≤ b, a, b ∈ F},
• □C : pairs of elements of □R,

• □Rn resp. □Cn : vectors of boxes in R resp. C of size n.

Interval extension

Let f : Cn → Cm. An interval extension of f is a map □f : □Cn → □Cm such that

∀Z ∈ □Cn, f (Z ) ⊆ □f (Z ).

By picking effective extensions of binary operations, we are able to effectively build an

extension □f given a (polynomial) map f .
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Interval certification of a Moore box

Algorithm

1 def M(□f ,□Jf , z , r ,A, ρ):

2 if −A ·□f (z) + [In − A ·□Jf (z + Br )]Br ⊆ Bρr : # Interval arithmetic computation

3 return True

4 else:

5 return False

Proposition

Let f : Cn → Cn be a polynomial map. If □f is an extension of f , □Jf is an extension of Jf

and M(□f ,□Jf , z , r ,A, ρ) returns True, then (z , r ,A) is a ρ-Moore box for f .

Proof

Fundamental property of interval arithmetic !
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Algorithm



Expected input and output

Input

• A polynomial map g : C× Cn → Cn,

• a zero z̃ of g0 (represented by a 7
8 -Moore box (z , r ,A)).

Let ζ : [0, 1]→ Cn s.t. ζ(0) = z̃ and g t(ζ(t)) = 0 for all t ∈ [0, 1].

Output

Moore boxes (zt , rt ,At) for g t isolating ζ(t), this for all t ∈ [0, 1].

Output in practice

• Subintervals I1, · · · , Ik covering [0, 1],

• triples (z1, r1,A1), · · · , (zk , rk ,Ak)

such that (zℓ, rℓ,Aℓ) is a
7
8 -Moore box for g on Iℓ.
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General strategy

ζC
n

t

z̃

z

Boxes : []

Times : [0]
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Boxes : [(r0, z0,A0)]

Times : [0, t1]

δ1
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General strategy

ζC
n

t

Boxes : [(r0, z0,A0), (r1, z1,A1)]

Times : [0, t1, t2]
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General strategy

ζC
n

t

Times : [0, t1, t2, t3, · · · ]
Boxes : [(r0, z0,A0), (r1, z1,A1), (r2, z2,A2), · · · ]
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Validating boxes on intervals

How can we check that (z , r ,A) is a ρ-Moore box for g s , for all s ∈ T ⊆ R ?

Answer : build

• □gT : □Cn → □Cn that is, for all s ∈ T , an extension of g s ,

• □JgT : □Cn → □Cn×n that is, for all s ∈ T , an extension of Jg s ,

and check M(□gT ,□JgT , z , r ,A, ρ).

How can we build such □gT and □JgT ?

Answer : specify to T the first variable in □g an extension of g : □gT (Z ) = □g(T ,Z ).

Indeed, for all s ∈ T , if Z ∈ □C and z ∈ Z then

g s(z) = g(t, z) ∈ □g(T ,Z ) = □gT (Z ).
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Refining the approximation

Reminder

In a ρ-Moore box (z , r ,A), the quasi Newton iteration φ(w) = w − Af (w) is a ρ-contraction

map, and the limit of iterated compositions of φ gives the associated zero z̃ .

Idea

After thickening, we have (z , r ,A) a Moore box for g on [t, t ′] ⊆ [0, 1]. In particular, it is a

Moore box for g t′ , so we can perform quasi Newton iterations using A before thickening

again.

Remaning problems to address

• When thickening, how do we choose the radius of the box and for how much time ?

• When should we stop iterating quasi Newton steps while refining ?

• How to ensure termination in a realistic computational model (MPFI) ?
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Naive computational model

We assume that F = R. Moreover, we assume the following on our extensions :

Assumptions

Let f : Cn → Cm and let □f be an extension of f .

• Naturalilty : for all z ∈ R, □f ([z , z ]) = f (z),

• Continuity : for all (Zn)n sequence in □Cn converging to Z ∈ □Cn, □f (Zn) converges to

□f (Z ) when n→∞ (for the induced Hausdorff distance).

This is not reasonable, but we will see later how to relax these constraints !
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Thicken

Remark

If (z , r ,A) is a 1
8 -Moore box for g t , then there exists δ > 0 such that it is a 7

8 -Moore box for

g on [t, t + δ].

Idea

• If (z , r ,A) is a 1
8 -Moore box for g t , try to certify it on [t, t + δ] for decreasing δ.

• So the input of the thickening step should not only be z close to ζ(t) but a Moore box

(z , r ,A) for g t enclosing this zero.

• This forces the output of the refining step to be a 1
8 -Moore box. We keep this problem for

later...
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Thicken

Input

• g : C× Cn → Cn,

• t ∈ [0, 1],

• (z , r ,A) a 1
8 -Moore box for g t .

Output

δ > 0 s.t. for all s ∈ T = [t, t + δ],

(z , r ,A) is a 7
8 -Moore box for g s .

Procedure

1 def thicken(g , t, δhint, z , r ,A):

2 δ ← δhint; T ← [t, t + δ]

3 while not M(□gT ,□JgT , z , r ,A,
7
8 ):

4 δ ← δ
2 ; T ← [t, t + δ]

5 return δ
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8 -Moore box for f .
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(z ′, r ′,A′) a 1
8 -Moore box for f with same associated zero as (z , r ,A).

More precisely ...

The input satisfies

−Af (z) + [In − A · Jf (z + Br )]Br ⊆
7

8
Br .

Our goal : shrink the l.h.s to make it fit into 1
8Br .
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Refine

Reminder

In a ρ-Moore box (z , r ,A), the quasi Newton iteration φ(w) = w − Af (w) is a ρ-contraction

map, and the limit of iterated compositions of φ gives the associated zero z̃ .

Heuristic

−Af (z) + [In − A · Jf (z + Br )]Br ⊆
1

8
Br

• We set A to always be Jf (z)−1.

• By performing quasi Newton iterations, we are able to make the term −Af (z) go to zero.

• By reducing r , we are able to make the term [In − A · Jf (z + Br )]Br fit into any εBr .

Idea : a balance between reductions of r and quasi Newton iterations.
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Refine

Input

• f : Cn → Cn,

• (z , r ,A) a 7
8 -Moore box for f .

Output

(z ′, r ′,A′) a 1
8 -moore box for f with same

associated zero as (z , r ,A).

Procedure

1 def refine(f , z , r ,A):

2 U ← A

3 while not M(□f ,□Jf , z , r ,A, 1
8 ):

4 if −A ·□f (z) ⊆ 1
64Br :

5 r ← r
2

6 else:

7 z ← z − Uf (z) # Naturality

8 A← Jf (z)−1

9 return z , r ,A
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Track

Procedure

1 def track(g , z , r ,A):

2 t ← 0; δ ← 1;

3 T ← [0]; B ← [];

4 while t < 1:

5 z , r ,A← refine(g t , z , r ,A)

6 δ ← thicken(g , t, 2δ, z , r ,A)

7 t ← t + δ

8 T .append(t); B.append((z , r ,A));
9 return T ,B

Remaining questions

• Correction ?

• Termination ?

• In which computational model ?

Answers

• By construction, correction is quite direct

and does not depend on the model.

• What about termination ?

• We would like to state it in a realistic

model !
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Computational model

Which model to use ?

We need to pick a suitable set F and respective extensions ⊞ and ⊠ of + and ×.

We can pick . . .

• F =,

• [a, b]⊞[c , d ] =,

• [a, b]⊠[c , d ] =.

Pros and cons

Pros :

Cons :
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We need to pick a suitable set F and respective extensions ⊞ and ⊠ of + and ×.

We can pick . . .

• F = Q,

• [a, b]⊞[c , d ] = [a+ c , b + d ],

• [a, b]⊠[c , d ] = [min{ac , ad , bc, bd},max{ac , ad , bc, bd}].

Pros and cons

Pros : naturality and continuity.

Cons : prohibited numerator and denominator growth.
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Computational model

Which model to use ?

We need to pick a suitable set F and respective extensions ⊞ and ⊠ of + and ×.

We can pick . . .

• F = {IEEE-754 64-bits floating-point numbers},
• [a, b]⊞[c , d ] = [a+ c , b + d ],

• [a, b]⊠[c , d ] = [min{ac , ad , bc, bd},max{ac , ad , bc, bd}].

Pros and cons

Pros : fast.

Cons : termination does not hold.
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Computational model

Which model to use ?

We need to pick a suitable set F and respective extensions ⊞ and ⊠ of + and ×.

We can pick . . .

• F = {m2e ∈ R : m, e ∈ Z},
• [a, b]⊞u[c , d ] = [a+ c , b + d ],

• [a, b]⊠u[c , d ] = [min{ac , ad , bc, bd},max{ac , ad , bc, bd}].
Where u ∈ (0, 1) is the roundoff unit that can be changed at will.

Pros and cons

Pros : possibility to separate close points by increasing the precision.

Cons : not exactly continuous neither natural.
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Thicken, adaptative version

Input

• g : C× Cn → Cn,

• t ∈ [0, 1],

• (z , r ,A) a 1
8 -Moore box for g t .

Output

δ > 0 s.t. for all s ∈ T = [t, t + δ],

(z , r ,A) is a 7
8 -Moore box for g s .

Proposition

thicken terminates and is correct.

Procedure

1 def thicken(g , t, δhint, z , r ,A):

2 δ ← δhint; T ← [t, t + δ]

3 while not M(□gT ,□JgT , z , r ,A,
7
8 ):

4 δ ← δ
2 ; T ← [t, t + δ]

5 return δ
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5 if δ < u:

6 inscrease working precision

7 return δ
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Output
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Refine, adaptative version

Procedure

1 def refine(f , z, r ,A):

2 U ← A

3 while not M(□f ,□Jf , z, r ,A, 1
8
):

4 if −A□f (z) ⊆ 1
64
Br : # l.h.s is small

5 r ← r
2

6 else: # l.h.s is big

7 z ← z − Uf (z)

8 A← Jf (z)−1

9 return z, r ,A

Input

• f : Cn → Cn,

• (z , r ,A) a 7
8 -Moore box for f .

Output

(z ′, r ′,A′) a 1
8 -moore box for f with same

associated zero as (z , r ,A).

Proposition

refine terminates and is correct.

Theorem

track terminates and is correct.
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Optimizing the prediction



Thickening with a predictor

B(z , ρr)

ζ

X

C
n

t

z

Predictor

A map X : R→ Cn such that X (0) = z .

In practice, one should have X (s) ≈ ζ(t + s)

around 0.

Certifying the prediction

Pb : check that for all s ∈ [0, δ], is a

ρ-Moore box for g t+s .
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T = [t, t + δ].
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ζ

X

C
n

t

Predictor

A map X : R→ Cn such that X (0) = z .

In practice, one should have X (s) ≈ ζ(t + s)

around 0.

Certifying the prediction

Pb : check that for all s ∈ [0, δ], (X (s), r ,A)
is a ρ-Moore box for g t+s .

Soln : try M(□gT ,□JgT ,□X ([0, δ]), r ,A, ρ),
where T = [t, t + δ].

This is too strong !

Way around the dependency problem : Taylor

models !
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Taylor models with relative remainder

Definition

• An interval S ∈ □R containing zero,

• a polynomial P(η) = A0 + A1η + · · ·+ Ad+1η
d+1 where Ai ∈ □C.

d is the order of the Taylor model.

Definition

A Taylor model (S ,P) encloses a function f : R→ C if for all s ∈ S , there exists ai ∈ Ai , for

all 0 ≤ i ≤ d + 1 s.t. f (s) = a0 + a1s + · · ·+ ad+1s
d+1

Remark

If J ⊆ S , then f (J) ⊆ P(J).
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Arithmetic

Reduction

Let (S ,P) be a Taylor model of order d .

Goal : reduce it order to d − 1, s.t. if (S ,P) encloses a function, so does its reduction.

Solution : replace Adη
d + Ad+1η

d+1 by (Ad⊞(Ad+1⊠I ))ηd .

Operations

Let (S ,P) and (S ,Q) be Taylor models of order d .

Sum : Component-wise sum using ⊞. Compatible with sums of enclosed functions.

Product : Usual product formula, gives a Taylor model of order 2d + 1, then reduce it to

make it of order d . Compatible with products of enclosed functions.
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Back to our problem

Recall what we want

(z , r ,A) is a 1
8 -Moore box for g t , X : R→ Cn polynomial s.t. X (0) = z , δ > 0. We want to

check that for all s ∈ [0, δ],

−Ag t+s(X (s)) + [In − A · Jg t+s(X (s) + Br )]Br ⊆
7

8
Br .

Solution using Taylor models

• Compute an order d taylor model K on [0, δ] of

−Ag t+η(X (η)) + [In − A · Jg t+η(X (η) + Br )]Br .

This is just Taylor model arithmetic !

• Check that K([0, δ]) ⊆ 7
8Br (interval arithmetic).
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Choosing the right predictor

ζ

X

z

v

Tangent predictor

Idea : −A · ∂
∂t g(t, z) is a good

approximation of ζ ′(t). Use it to do

a order 1 correction.

Hermite predictor

Idea : use previous point zprev and

previous tangent vector vprev, z and

v to do a Hermite cubic spline

approximation.
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approximation.
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Implementation and benchmarks
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Number of iterations performed by HomotopyContinuation.jl
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dense, dim. 1, deg. 500

dense, dim. 8, deg. 3, 100 paths

structured, dim. 8, deg. 3, 100 paths

Katsura-20, 100 paths

Katsura-40, 100 paths

× 1

× 2

× 5

× 10
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Test data

We tested systems of the form g t(z) = tf ⊙(z) + (1− t)f ▷(z) (f ▷ is the start system, f ⊙ is the

target system).

Target systems

• Dense : f ⊙i ’s of given degree with random coefficients

• Structured : f ⊙i ’s of the form ±1 +
∑5

i=1

(∑n
j=1 ai,jzj

)d
, ai,j ∈R {−1, 0, 1}

• Katsura family (sparse - high dimension - low degree)

Start systems

• Total degree homotopies : f ▷i ’s of the form γi (z
di
i − 1), γi ∈R C, di = deg f ⊙i

• Newton homotopies : f ▷(z) = f ⊙(z)− f ⊙(z0)
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Benchmarks table

HomotopyContinuation.jl algpath Macaulay2

name dim. max deg fail. med. time (s) fail. med. time (s) fail. med. time (s)

dense 1 10 6 1.8 11 < 0.1 629 0.2

dense 1 30 10 2.0 23 < 0.1 830 k 18 min

dense 1 50 12 1.9 30 0.7 > 1 h

dense 2 10 22 2.6 53 0.7 33 k 158

dense 2 30 24 6.4 85 72 > 1 h

dense 2 50 27 33 117 12 min > 1 h

katsura 11 2 100 6.7 177 30 21 k 30 min

katsura 21 2 209 4 h 483 427 101 h not benchmarked

katsura * 41 2 554 24 9 1371 13 min > 1 h

dense * 8 3 73 6.3 157 19 21 k 243

structured * 8 3 81 3.9 182 2.3 36 k 305

structured N 10 10 53 3.1 123 < 0.1 > 1 h

structured N 20 20 > 8 GB 1591 1.5 > 8 GB

structured N 30 30 > 8 GB 1989 5.2 > 8 GB
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