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Introduction




o Let g: C x C" — C" be a polynomial ¢ V(g)
map.
e Notation : g : C" — C" defined by
g:(z) = g(t, 2).
P
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Introduction

o Let g: C x C" — C" be a polynomial
map.

e Notation : g, : C" — C" defined by
g:(z) = g(t, 2).

o Let z € C" such that go(z) = 0.

= Moving the parameter from 0 to 1

induces ¢ : [0,1] — C" s.t. ¢((0) =z and
g:(¢(t)) =0.

e Goal : "Track” ¢, with some topological

guarantees.
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Motivations

e State of the art method,
e Only need guarantees on the endpoints when tracking homotopies,
e Possible to use a non certified tracker and to certify a posteriori the endpoints,

e Efficient implementations of non-certified trackers : HomotopyContinuation.jl,
PHCpack, Bertini, ...
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Motivations

e State of the art method,
e Only need guarantees on the endpoints when tracking homotopies,
e Possible to use a non certified tracker and to certify a posteriori the endpoints,

e Efficient implementations of non-certified trackers : HomotopyContinuation.jl,
PHCpack, Bertini, ...

e The certification of the whole path is required,
e Many theoritical works, but only one implementation in Macaulay2,

e There is a huge gap between non-certified and certified methods in terms of the number
of steps required to track a root,

e Goal : narrow this gap. Tools : Interval arithmetic, Krawczyk’s method, predictor.

2/11



Path certification




Root isolation

e f:C" — C" polynomial,
e 2 (C", reRsg, AcC*n,
e p€(0,1),

such that for all u,v € B,,
—Af(z)+ [I, — A- Jf(z+ u)]v € B,,.

Then there exists a unique 7 € 2+ B,, s.t. f(2) =0.
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Root isolation

e f:C" — C" polynomial,
e 2c(C" r €R>0, Ae Cmrxn,
e pe(0,1),

such that for all u,v € B,,
—AF(2) +[In — A- JF(z + u)]v € B,
Then there exists a unique 7 € 2+ B,, s.t. f(2) =0.

Proof sketch
We show that ¢ : z + B,, — C" defined by ¢(z) = z — Af(z) is a p-contraction map with
values in z + B,,,.
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Let 7 : C" — C" be polynomial map and p € (0,1).

A p-Moore box for f is a triple (z, r, A) satisfying

—Af(z) + [I,— A- JF(z + B.)]B, C B,,.
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Let 7 : C" — C" be polynomial map and p € (0,1).

A p-Moore box for f is a triple (z, r, A) satisfying

—Af(z) + [I,— A- JF(z + B.)]B, C B,,.

Moore boxes are our data structure to represent zeros of f.

How do we check that a triple (z, r, A) is a Moore box on a computer ?
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We choose a set F C R of representable numbers.

e [OR={[a,b] CR|a<b,abecl},
e [IC : pairs of elements of (R,

e [TR” resp. LIC" : vectors of boxes in R resp. C of size n.
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Interval arithmetic

We choose a set F C R of representable numbers.
Interval space

e (IR={[a,b)] CR|a<b,abeF},

e [IC : pairs of elements of (IR,

e [TR” resp. LIC" : vectors of boxes in R resp. C of size n.

Interval extension
Let f : C" — C™. An interval extension of f is a map [If : JC" — CIC™ such that

vZ e OC", £(Z) C Of(2).
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Interval arithmetic

We choose a set F C R of representable numbers.
Interval space

e (IR={[a,b)] CR|a<b,abeF},

e [IC : pairs of elements of (IR,

e [TR” resp. LIC" : vectors of boxes in R resp. C of size n.

Interval extension
Let f : C" — C™. An interval extension of f is a map [If : JC" — CIC™ such that

vZ e OC", £(Z) C Of(2).

Interval arithmetic gives an effective way to build an extension Of given a (polynomial) map f.
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1 def M(Of,0Jf, z,r, A, p):
if —A-0Of(z)+[I,—A-0OJf(z+ B,)]B- C B,:

return True

2

8

4

else:

return False
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Interval certification of a Moore box

1 def M(Of,0Jf, z,r, A, p):
> i —A-Of(2) + [I,— A-OJF(z+ B,)]B, C B,

3 return True
4 else:
5 return False

If Of is an extension of f, OJf is an extension of Jf and M(Of,0Jf,z, r, A, p) returns
True, then (z.r. A) is a p-Moore box for f.
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Interval certification of a Moore box

1 def M(Of,0Jf, z,r, A, p):
> i —A-Of(2) + [I,— A-OJF(z+ B,)]B, C B,

3 return True
4 else:
5 return False

If Of is an extension of f, OJf is an extension of Jf and M(Of,0Jf,z, r, A, p) returns
True, then (z,r, A) is a p-Moore box for f.

Proof

Fundamental property of interval arithmetic !
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Algorithm




e A polynomial map g : C x C" — C",

e A zero 7 of gg (represented by a [-Moore box (2, r. A)).
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e A polynomial map g : C x C" — C",
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General idea

e A polynomial map g : C x C" — C",

e A zero 7 of gg (represented by a [-Moore box (2, r. A)).

Let ¢ : [0,1] = C" s.t. ((0) = Z and g+(¢(t)) =0 for all t € [0,1].

Moore boxes (z:, r, A;) for g isolating ((t), this for all t € [0, 1].

e Subintervals /1, - - , Iy covering [0, 1],

° triples (21, r, Al), soo g (Zk, Ik, Ak)
such that (2.1, A) is a {-Moore box for g on /.
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input : 7 :C" - C"  (z.r.A) a [-Moore box

output : a %-Moore box with same associated zero as (z,r, A)

algorithm : A balance between pseudo-Newton iterations and reducing r

8/11



Subroutines

Refine

input

output :

algorithm :

Thicken

input :
output :

algorithm :

: F:C"—C"  (z,r.A) a ;-Moore box
a ;-Moore box with same associated zero as (2. r, A)

A balance between pseudo-Newton iterations and reducing r

g:CxC"—C" tel0,1]; (z.r.A)a {-Moore box for g;
' €[0,1] s.t. forall s € [t,1'], (z.r, A) is a ;-Moore box for g.
Decrease t" until M(Ogr,0Jg T, 2, r, A, p) returns True, where
o T =]t t],
e [g7 :0C" — OC" is an extension of g for all s € T,

e [Jgy :0OC" — OC"™" is an extension of Jg. for all s € T.
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Times : [0]
B(z, %) Boxes : ||
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Times : [0]
Boxes : [(r0. 20, Ao)]
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. [ 7t1]07 0)]
i S [(ro,z A
Boxe

01
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Times : [0, t]
Boxes : [(r0, 20, Ao), (11, 21, A1)]
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Times : [0, t1, t2]
Boxes : [(r0, 20, Ao), (11, 21, A1)]
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Times : [0, t1, to, t3,- -]
Boxes : [(r0, 20, Ao), (1, 21, A1), (2, 22, A2), - -+ ]
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Times : [0, t1, to, t3,- -]
Boxes : [(r0, 20, Ao), (1, 21, A1), (2, 22, A2), - -+ ]

In a computation model with dynamic floating-point precision, the algorithm is correct and
terminates. 9/11



A map X' : R — C" such that X (t) = z.

X should stay close to ¢ around t.
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A map X' : R — C” such that X (t) = z.

X should stay close to ¢ around t.

Problem : check that for all s € [t,t'],
(X(s),r,A)is a p-Moore box for g.
Solution : try M(Ogr,0Jg 7, X(T), r, A, p),
where T = [t,t'].

This is too strong !

10/11



A map X' : R — C” such that X (t) = z.

X should stay close to ¢ around t.

Problem : check that for all s € [t,t'],
(X(s),r,A)is a p-Moore box for g.
Solution : compute

—AgS(X(S)) + [In —A- Jgs(X(S)) + B,)]B,

using Taylor models on T.
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Number of iterations performed by algpath

10t

Katsura-20, 100 paths
Katsura-40, 100 paths

e x 1

dense, dim. 1, deg. 500
dense, dim. 8, deg. 3, 100 paths
structured, dim. 8, deg. 3, 100 paths

Number of iterations performed by HomotopyContinuation.jl

11/11



Beltran, Carlos and Anton Leykin. “Certified Numerical Homotopy Tracking”. In: Experimental Mathematics 21.1 (Mar.
2012). Publisher: Taylor & Francis _eprint: https://doi.org/10.1080/10586458.2011.606184, pp. 69-83.

Breiding, Paul and Sascha Timme. “HomotopyContinuation.jl: A Package for Homotopy Continuation in Julia”. en. In:
Mathematical Software — ICMS 2018. Ed. by James H. Davenport et al. Lecture Notes in Computer Science. Cham:
Springer International Publishing, 2018, pp. 458-465.

Duff, Timothy and Kisun Lee. Certified homotopy tracking using the Krawczyk method. arXiv:2402.07053 [cs, math]. Feb.
2024.

Hauenstein, Jonathan D. and Alan C. Liddell. “Certified predictor—corrector tracking for Newton homotopies”. In: Journal
of Symbolic Computation 74 (May 2016), pp. 239-254.

Kranich, Stefan. An epsilon-delta bound for plane algebraic curves and its use for certified homotopy continuation of
systems of plane algebraic curves. arXiv:1505.03432 [math]. May 2016.

Marco-Buzunariz, Miguel Angel and Marcos Rodriguez. “SIROCCO: A Library for Certified Polynomial Root
Continuation”. en. In: Mathematical Software — ICMS 2016. Ed. by Gert-Martin Greuel et al. Vol. 9725. Series Title:
Lecture Notes in Computer Science. Cham: Springer International Publishing, 2016, pp. 191-197.

Moore, R. E. "A Test for Existence of Solutions to Nonlinear Systems”. In: SIAM Journal on Numerical Analysis 14.4
(1977). Publisher: Society for Industrial and Applied Mathematics, pp. 611-615.

van der Hoeven, Joris. Reliable homotopy continuation. Research Report. LIX, Ecole polytechnique, Nov. 2011.

Verschelde, Jan. “Algorithm 795: PHCpack: a general-purpose solver for polynomial systems by homotopy continuation”.
In: ACM Transactions on Mathematical Software 25.2 (June 1999), pp. 251-276.



We tested systems of the form g:(z) = tf“(z) 4+ (1 — t)f"(z) (" is the start system, f“ is the
target system).



Test data

We tested systems of the form g.(z) = tf“(z) + (1 — t)f"(z) (" is the start system, f© is the
target system).

e Dense : f,-@’s of given degree with random coefficients

o Structured : £"'s of the form 1+ 37, (37, a1;z)". aij €r {~1,0,1}

o Katsura family (sparse - high dimension - low degree)



Test data

We tested systems of the form g.(z) = tf“(z) + (1 — t)f"(z) (" is the start system, f© is the
target system).

e Dense : f,-@'s of given degree with random coefficients
o Structured : £"'s of the form 1+ 37, (37, a1;z)". aij €r {~1,0,1}

o Katsura family (sparse - high dimension - low degree)

e Total degree homotoies : f's of the form fy,-(z,d" —1), 7 €r C, d; = deg £.”

e Newton homotopies : "(z) = “(z) — f“(z)



Benchmarks table

HomotopyContinuation.jl algpath Macaulay2

name dim. max deg med. ksteps/s time (s) med. ksteps/s time (s) med. ksteps/s time (s)
dense 1 10 6 29 1.8 11 55 <01 629 49 0.2
dense 1 30 10 43 1.9 23 25 < 0.1 830k 28 19 min
dense 1 50 12 38 1.8 30 13 0.7 >1h
dense 2 10 22 33 2.4 53 9.2 0.7 33k 27 165
dense 2 30 24 5.8 6.4 85 1.4 72 >1h
dense 2 50 27 23 32 117 0.53 12 min >1h
katsura * 11 2 112 38 4.4 199 6.0 35 20k 11 203
katsura * 21 2 222 13 6.0 461 1.3 37 >1h
katsura * 41 2 554 2.8 24 1371 0.19 13 min >1h
dense * 8 3 73 21 6.2 157 0.86 19 21k 8.3 281
structured * 8 3 81 40 39 182 7.9 23 36k 9.9 371
structured N 10 10 53 0.19 3.0 123 4.9 <01 >1h
structured N 20 20 > 8 GB 1591 1.2 1.5 > 8 GB

structured N 30 30 > 8 GB 1989 0.43 5.2 > 8 GB
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